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It has long been recognized that the shoot apex in the higher plants 
serves as the region from which new tissues of the primary plant body are 
produced.'~* Indeed, Bower? has characterized the activities of this 
meristem as an indefinitely continued embryology. 

The work of several authors’? suggests that the shoot apex may in- 
fluence, to some extent at least, the differentiative activity of subjacent 
tissues in the plant, for when shoot apices are regenerated in mature 
parenchymatous tissues, the new shoot apices apparently induce the 
formation of vascular strands which connect with the original conductive 
system of the shoot. In somewhat the same way the so-called organizers 
in the animal embryo have been demonstrated to influence the development 
and differentiation of other regions. Accordingly it would be of interest to 
determine whether the metabolic characteristics of the organizer’® and of 
the plant shoot apex are to some extent similar. 

Furthermore, in view of the widely current idea, originally enunciated by 
Pfeffer, that growth is usually accompanied by elevated respiratory 
activity, it is especially important to study the relationship between 
respiration and growth in the shoot apex. The embryonic region exhibits 
the highest growth rate of the shoot on the basis of the following criteria of 
growth—frequency of cell division, synthesis of protoplasm, and changes 
in shape and structure associated with the production of foliar primordia— 
and if Pfeffer’s thesis is correct, it therefore ought to possess the greatest 
respiratory activity. 

Some experimental work has previously been done on the respiration of 
various gross regions along the developing plant axis. Thus Kidd, West 
and Briggs’® found the liberation of carbon dioxide in the sunflower to be 
greater in the bud than in more basal tissues. Caldwell and Meiklejohn! 
measured the respiration of the entire terminal bud and of the subjacent 
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tissues in the tomato and found a gradient of decreasing oxygen consump- 
tion from apex to base. However, in order to gain an idea of the signifi- 
cance of respiratory rate in the phenomena of induction, production of 
foliar primordia and maturation, as well as in the very rapid growth of the 
shoot apex, still more precise techniques must be applied to very small 
volumes of tissues. It is necessary to measure separately and with great 
accuracy the oxygen consumption of the shoot apex (i.e., of the embryonic 
zone) and of the subjacent regions in which cellular maturation is occur- 
ring 

In the present work a comparative survey has been made of the rate of 
oxygen consumption of the meristematic and of the immediately subjacent 
maturing tissues in the terminal part of the plant axis, in order to deter- 
mine the relationship between the respiratory activity of a given region 
and the degree of its cellular maturation, or its position in the gradient of 
differentiation. 

Materials and Methods~—-Young plants of Lupinus albus L. and of 
Tropaeolum majus L. were used. Lupinus shows strong apical dominance, 
and branching by the growth of axillary buds is rare. T?ropaeolum, on the 
other hand, exhibits apical dominance only during the early seedling 
stages, and the growth of shoots from all axillary buds soon leads to a much 
branched condition. Thus, the present work was done upon plants of two 
different physiological types. 

Pieces of tissues, designated as A, B and C in the order of their position 
down the shoot (Figs. 1 (a) and 2 (a)) and each having a volume of about 
430 u* (ca. 0.08 mm.*), were excised from the shoot tip under the high 
power of a binocular dissecting microscope equipped with a calibrated 
ocular. The A piece comprised the shoot apex and the three youngest 
visible foliar primordia. In addition, a small amount of non-apical tissue 
was also unavoidably included, but since the volume of the latter was 
insignificant in comparison with that of the apical tissue proper, the oxygen 
consumption of the A piece, for all practical purposes, can legitimately be 
considered typical of the actual apical tissue. Piece B was composed of 
maturing tissue immediately basal to the A piece, while piece C represented 
still further maturing tissue subjacent to region B. 

The oxygen consumption of the tissues was determined by means of the 
Cartesian diver technique. 18 Each of the pieces of tissue was placed in 
the bulb of a diver with 1.5 ul. of Pfeffer’s culture solution (Robbins), and 
readings of oxygen consumption were begun, and continued for periods of 
four to five hours. During the experiments, the apparatus was darkened 
in order to prevent photosynthesis in the chlorenchymatous tissues of 
Lupinus. 

Results and Discussion.—The results of typical experiments on Lupinus 
and Tropaeolum are shown in figures 1 (b) and 2 (b). The graphs indicate 














Vot. 30, 1944 BOTANY: BALL AND BOELL 47 


B 
z 
Ww 
4 A 
* 
o 

C 














FIGURES 1 AND 2 


Figures 1 (a) and 2 (a) are line drawings of median sections of stem tips of Lupinus 
albus and of Tropaeolum majus, respectively, and show the amounts and locations of 
the A, B and C pieces of tissues. 

Figures 1 (6) and 2 (b) show the oxygen consumption of the A, B and C pieces of tissues 
in the Cartesian divers. Ordinates denote myl. of O2 consumed per piece of tissue (ca. 
0.08 mm.*), and abscissas indicate length of time pieces of tissue were in the divers. 

Figure 1 () indicates that there is a decreasing respiratory gradient along the shoot 
of Lupinus. Figure 2 (b) indicates that the subjacent (B) tissues in the shoot of Tro- 
paeolum consumed more oxygen than the shoot tip. 





48 BOTANY: BALL AND BOELL Proc. N. A. S. 


that the rate of oxygen consumption of the excised tissues is essentially 
uniform during the period of measurement. It is significant that in none 
of the experiments was there any appreciable acceleration or depression of 
respiration during the initial phase of the experimental period, because this 
fact shows that the tissues were neither perceptibly stimulated nor de- 
pressed by the processes of excision from the plant body and immersion in 
the culture fluid. The general linearity of the curves, moreover, attests to 
the fact that nutritive conditions in the medium were such as to maintain 
the tissues in an essentially normal physiological state. 

The curves reveal significant differences in the rate of oxygen consump- 
tion in the various regions of the same plant. Moreover, they show that 
the respiratory rate of a given region in relation to other regions is different 
in the two species studied. Thus, in Lupinus, a gradient in the rate of 
respiration decreasing from tip to base seems clearly indicated, while in 
Tropaeolum this is not the case, the most apical portion of the shoot tip (A) 
having a lower rate than the region of maturing cells immediately sub- 
jacent. However, in both plants the most basal portion of the shoot tip (C) 
shows the lowest rate of respiration. 

Histological examination of the shoot tips of Lupinus and of Tropaeolum 
reveals marked differences in the amount of protoplasm in the regions 
selected for study. Many cells (especially in the shoot apex) of the A 
piece are densely cytoplasmic; those in region B are characterized by the 
beginning of conspicuous vacuolization and the appearance of intercellular 
spaces, and those in region C show still more prominently these indications 
of cellular maturation. It is highly probable, therefore, that the amount 
of actively metabolizing material in the three regions is not identical in 
spite of their volume equivalence. But that the differences in respiration 
reported above are not due altogether to differences in the amount of 
actively respiring material per unit of volume is shown by the fact that 
when respiratory rate is calculated on a dry weight basis the ratio of the 
respiratory activity in the three regions remains essentially the same 
(table 1). Fundamental differences in the respiratory rates of the three 
regions thus seem clearly indicated. 

The quantitative differences in the dry weights of the A, B and C pieces, 
shown in table 1, are reflected also in preliminary data on the total nitrogen 
content of these regions. Although, as the table reveals, the distribution 
of total nitrogen does not altogether parallel the dry weight, the respiratory 
rates when calculated on the basis of total nitrogen show, in general, the 
same fundamental differences among the regions, and between the two 
plants. 

In Lupinus, the respiratory rate of the shoot tip is higher than that of 
the subjacent tissues while in Tropaeolum this appears not to be true. In 
both Lupinus and Tropaeolum the shoot apex serves as the region from 











ee a ee eS COO 





VoL. 30, 1944 BOTANY: BALL AND BOELL 49 


which new foliar primordia and new stem tissues are produced, and in both 
plants, moreover, the apical region displays the highest growth rate of the 
shoot. It is evident therefore, in view of the data presented, that these 
activities of the shoot apex are not necessarily correlated with a high 
respiratory rate. A comparable situation is seen in amphibian develop- 


TABLE 1 
MuL. O2 Mut, O2 Mui. Os 
CONSUMED CONSUMED CONSUMED 
PER HOUR uO. DRY PER HOUR PER HOUR 
PER PIECE WBIGHT PER uc. uo. N PER uO. OF 
NO. OF OF TISSUB PER PIECE DRY WT. PER PIECE NITROGEN 
REGION EXPERIMENTS (AVERAGE) (AVERAGB) (AVBRAGB) (AVERAGB) (AVBRAGB) 
Lupinus 
A bi 96 11.0 8.7 0.8 120 
B 11 41 9.1 4.5 0.32 128 
G 11 22 8.8 2.5 0.45 49 
Tropaeolum 
A 7 57 12.3 4.6 0.89 64 
B 7 79 10.5 7.5 0.91 87 
Cc 7 38 8.2 4.7 0.70 55 


ment where it appears that the organizer activities of the dorsal lip of the 
blastopore are not correlated with respiratory level.” It may be of some 
significance that the respiratory activity of ‘the various zones of Lupinus, 
in which apical dominance is manifest, is different from that in Tropaeolum 
where apical dominance is absent. 

Summary.—Using the Cartesian diver technique, a study has been made 
of the respiratory activity in the shoot tips and subjacent tissues of Lupinus 
albus and Tropaeolum majus. The results indicate that differences in the 
distribution of respiratory activity along the apical-basal axis of the shoot 
exist in the two plants, but that there is apparently no correlation between 
the developmental activities of a given region and the magnitude of its 
respiratory rate. 


* National Research Council Fellow in Botany, 1941-1942. Present address: 
Biological Laboratories, Harvard University. 
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INVALIDATION OF THE CYTOLOGICAL EVIDENCE FOR 
RECIPROCAL CHIASMATA IN THE SEX CHROMOSOME 
BIVALENT OF MALE DROSOPHILA* 


By KENNETH W. COOPER 
DEPARTMENT OF BIOLOGY, PRINCETON UNIVERSITY 


Communicated February 7, 1944 


Darlington’s (1934)! interpretation of meiosis in male Drosophila 
pseudoobscura involves a mechanical dualism in the modes of conjunction 
of autosomes and sex chromosomes. Thus autosomes are held to conjoin 
as bivalents by exaggeration of the forces normally expressed in somatic 
pairing,? whereas sex chromosomes are believed to conjoin solely by 
chiasmata. The primary evidence which led Darlington to this interpreta- 
tion is purely cytological, and the more critical points may be resuméed as 
follows. 

(1) Autosomal bivalents have homologues paired throughout their 
lengths at late diakinesis, neither contacts nor chiasmata being visible be- 
tween them. 

(2) In contrast to the autosomal bivalents, from diakinesis to onset of 
anaphase the sex chromosomes are im contact over a short segment of their 
lengths, and manifestly this is not the whole of their homologous regions. 
Furthermore, lengths of sex chromosomes which are not conjoined lie part 
in spite of their homology (Figs. 12 (d-f), diakinesis; Figs. 12 (g-~7), meta- 
phase-I). 

(3) At prometaphase and metaphase there appears to be a state of ten- 
sion between the kinetochores and the points of association in the sex 
chromosomes (Figs. 12 (g-)). 

(4) X and Y are unchanged when they separate at anaphase (Figs. 12 
(j-k)). Were asingle exchange present between the interstitial segments of 
contact and conjunction, the morphology of the separating chromosomes 
would clearly disclose it because X and Y are heteromorphic. 

The striking contrast of the sex chromosome bivalent with the chiasma- 
free autosomal bivalents led Darlington to suspect that fundamentally 
different mechanisms are in operation in the two instances. According to 
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FIGURES 1-12 


Comparison of sex chromosome conjunction in the spermatogenesis of Olfersia bisulcata 
Macq. and of Drosophila pseudoobscura Frolova. Except for figure 6, only sex chromo- 
somes are illustrated; figures semidiagrammatic. 

Figure 1, late diplotene. Figures 2-4, 7, early diakinesis. Figure 5, late diakinesis 
or early prometaphase. Figure 6, metaphase plate of male gonial cell (sex chromosomes 
black). Figure 8, late diakinesis. Figures 9, 10, prometaphase. Figures 11 (a-g), 
sex chromosome bivalent of Olfersia at metaphase- I (a-e) and early anaphase-I (f, g). 
Figures 12 (a—k), sex chromosomes of Drosophila pseudoobscura, redrawn from Darling- 
ton (1934).! Figure 12 (a), the X-chromosome. Figure 12 (b), Y-chromosome of 
weak-A race. Figure 12 (c), Y-chromosome of weak-B race. Figure 12 (d-f), dia- 
kinesis, weak-A race. Figures 12 (g-z) metaphase-I, weak-A races. Figures 12 (j, k) 
anaphase-I, weak-B races. 

Upper scale, approximate magnification for figures of Olfersia. Lower scale, approxi- 
mate magnification for figures of Drosophila. 
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his chiasma hypothesis of metaphase pairing* chiasmata provide the 
primary if not only means of conjunction of the chromosomes as bivalents. 
Observations (2), (3) and (4) above are compatible with the known prop- 
erties of bivalents having chiasmata. Darlington! thus regards them as 
affording a demonstration of the presence of chiasmata in the sex chromo- 
some bivalent. Since genetic crossing-over between the sex chromosomes of 
the male of Drosophila is rare and probably not a meiotic occurrence, the 
hypothesized chiasmata must be considered localized in inert regions and 
invariably to occur in reciprocal pairs. This, in brief, is the nature of the 
evidence for the reciprocal chiasmata hypothesis of sex chromosome con- 
junction in male Drosophila. 

Short, localized, terminal pairing-segments have been discovered in the 
fly Melophagus ovinus.* No chiasmata need be assumed to conjoin 
Melophagus’ autosomes in these segments at meiosis in the male; yet the 
autosomal bivalent configurations and behavior closely parallel those of 
the sex chromosome bivalent in male Drosophila.’ For this reason it was 
likewise concluded that there is no cytological need to suppose that recipro- 
cal chiasmata conjoin the sex chromosomes of Drosophila. The truth of 
this conclusion is admirably demonstrated by the details of bivalent 
formation by the sex chromosomes in the male of the fly Olfersia bisulcata 
Macq., a member of the same family to which Melophagus belongs (Hippo- 
boscidae). 

The diploid chromosome set of male Olfersia bisulcata (2n = 8) is re- 
markably different from that of Melophagus ovinus (2n = 18). There isa 
pair of submedian autosomes, a pair of nearly terminal autosomes, a pair 
of dot-like autosomes, and a heteromorphic pair of submedian sex chromo- 
somes (Fig. 6; compare the sex chromosomes with those of Drosophila 
pseudoobscura, Figs. 12 (a, b, c)).§ 

At late diplotene the sex chromosomes of Olfersia may easily be recog- 
nized; as in Melophagus they are neither paired nor even close to one 
another (Figs. 1, 2). Henceforth, however, their behavior is unlike that 


of the sex chromosomes of Melophagus which remain unpaired, for X and Y . 


ultimately conjoin in Olfersia. It will be seen that the resulting sex 
chromosome bivalent is identical with that of male Drosophila pseudo- 
obscura. 

As diakinesis progresses the sex chromosomes move closer together. 
During this movement an interstitial segment near the kinetochore in each 
chromosome becomes juxtaposed and finally closely conjoined (Figs. 3-4, 
7-8, 5). At prometaphase the sex chromosome bivalent thus formed 
orients on the spindle (Fig. 9). During this process the regions between 
the kinetochores and the points of association may become markedly 
attenuated and hence appear to be in a state of tension (Fig. 10).’ At late 
diakinesis, prometaphase and metaphase, the sex chromosomes of male 
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Olfersia are in contact only over a short interstitial segment of their lengths, 
and the lengths of the sex chromosomes which are not thus conjoined lie 
apart (Figs. 5, 8, 9, 10, 11 (a-e) of Olfersia; compare with Figs. 12 (dt) of 
the sex chromosome bivalent of Drosophila pseudoobscura at the same 
stages). Furthermore, the sex chromosomes of Olfersia are unchanged 
when they separate at anaphase (Figs. 11 (f-g) of Olfersia; compare with 
Figs. 12 (j-k) of Drosophila pseudoobscura).’ Thus the sex chromosome 
bivalent of male Olfersia shows the same morphological attributes as are 
said to characterize the X-Y bivalent of Drosophila. But inasmuch as the 
sex chromosomes of male Olfersia conjoin after condensation, the resulting 
bivalent must be devoid of chiasmata."° Therefore none of the afore- 
mentioned attributes, singly or in combination with each other, can be 
considered to afford a demonstration of the presence of chiasmata. Ac- 
cordingly it is concluded that there is no longer a cytological need to sup- 
pose the existence of reciprocal (or any other) chiasmata in the inert regions 
of the sex chromosomes of Drosophila. Just as in the cases of the auto- 
somes of Melophagus and Olfersia, and the sex chromosomes of Olfersia, the 
X-Y bivalent of male Drosophila pseudoobscura may be supposed to be con- 
joined by means of localized pairing segments which do not form chiasmata. 

It is not known whether the sex chromosomes in Drosophila pseudo- 
obscura conjoin after or during their completion of condensation. That in 
fact they may actually conjoin while condensing is suggested by Darling- 
ton’s! observation that at diakinesis not only are some of the sex chromo- 
some bivalents visibly conjoined, but another configuration of sex chromo- 
somes is also found. In this latter case the sex chromosomes are said to 
show a clear space between them without any visible connection joining the 
two chromosomes. Until Drosophila pseudoobscura is restudied the exact 
significance of this fact cannot be judged, but it is not improbable that 
careful seriation will show that the connected bivalents are a consequence 
of pairing after or during condensation as has been found to be the case in 
Olfersia. Such delayed pairing following condensation is not unique. 
There are many instances known of similar chromosomal maneuvers in 
other insects, some of which Schrader" has briefly reviewed. The entire 
problem of bivalent formation and modes of conjunction requires reanaly- 
sis, for the chiasma hypothesis of metaphase pairing is clearly incapable of 
generalizing all of the facts. 

* This work was supported by a grant from the Penrose Fund of the American 
Philosophical Society, to which organization grateful acknowledgment is made. 
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soma, 2, 192-246 (1941)) have questioned the validity of such an interpretation of 
autosomal conjunction at meiosis. Their arguments will be examined elsewhere. 
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BIRKHOFF’S THEORY OF GRAVITATION AND EINSTEIN’S 
THEORY FOR WEAK FIELDS 


_By ALBERTO BARAJAS 
INSTITUTE OF MATHEMATICS, NATIONAL UNIVERSITY OF MEXICO 
Communicated February 9, 1944 


Recently, in the widely read Mathematical Reviews,! Weyl has com- 
mented on Birkhoff’s theory of gravitation of 1942,? suggesting that it is 
much the same as a limiting form of Einstein’s well-known theory of 1916 
for weak fields, characterized by Weyl as follows: “If one writes the 
equations of Einstein’s theory of gravitation for gy, differing but infinitely 
little from the constant values of 5, characteristics for flat space-time, 
fx = Sx + hy, and neglects higher powers of hy, one obtains a theory 
with a symmetric tensor of gravitation hg in a flat world, which in its fac- 
tual consequences agrees almost completely with Einstein’s original 
theory.’ I propose to show® that this degenerate form is fundamentally 
different from Birkhoff’s theory and is unsatisfactory from a physical 
point of view. In doing so, attention will be limited to gravitational 
fields in empty space. 

Birkhoff’s space-time is the same as Minkowski’s with ds* = di? — dx? —. 
dy? — dz’. His fundamental grayitational tensor hy satisfies the equation 
Ohy = 0 in empty space, and the equations of motion of a free particle in 
an arbitrary gravitational field are: 
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ds? Ox* Ox? 
where 6% = 1 for p = 1 = 1, 6% = —1 for p =i = 2, 3, 4, zero otherwise, 
and ut = dxt/ds. 

In the general relativity theory of Einstein the quadratic fundamental 
form may be written ds? = (6, + Hy)dx‘dx/. For weak gravitational 
fields, it is readily shown that H;; may be chosen so that Einstein’s gravita- 
tional equation R,, = 0 reduces to OHy = 0.4 The equations of motion 
of a free particle are, for this degenerate case: 


d2xt - (a , oe mF 
a gba SS u 
ds? Ox* 2 ox J 





In this expression, ds is, of course, the interval in a curved space-time, 
not Minkowski’s ds, although Weyl (loc. cit.) considers the degenerate 
theory to have reference to “‘a flat world.” 

If we consider the static field due to a mass-point m, for reasons of sym- 
metry, H,; must have the form (r = radial distance) : 


Hy = |a/r 0 0 0| 
| 0 b/r 0 0 
0 O b/r 0 
0.0.0 





with @ = —2m so as to obtain the classical Newtonian result in the first 
approximation. Let us now compare Birkhoff’s and Einstein’s theories. 
Birkhoff’s theory: 


{ 





Flat space-time: ds* = dt? — dx* — dy? — dz’. 
Gravitational tensor: hy = |\m/r 0 0 0 || with OA, = 0. 
0 m/r 0 0 
| 0 0 m/r 0 


0 O O mf/r 


Equations of motion of a particle in the plane z = 0 
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Red shift AX/d: ~. 
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Degenerate form of Einstein’s theory: 


Curved space-time: ds* = (1 — 2m/r)dt? — (1 + b/r)(dx? + dy? + dz). 











Gravitational tensor: Hy = ae 0. 0 GF. 
0 d/r 0 0 

| 0 0 b/r O| 

| O 0 0 b/r' 


Equations of motion of a particle in the plane z = 0 


mx bdx'r' (m— b/2)x 
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Advance of perihelion: Pr yaoge T. 


m— b 





Bending of light rays: 


. m 
Red shift Ad/\: ms 


From this it follows that, in order to obtain the correct advance of the 
perihelion one must place b = —4m/3 and, in order to obtain the correct 
bending of light, one should place 6 = —2m which is contradictory. 

The red shift is accounted for in Birkhoff’s theory as due to the energy 
loss of the photon while it travels from the emitting body to the earth. 
On the basis of this alternative interpretation, but using the degenerate 
form of the equations, b would then have to vanish, b = 0, to obtain the 
correct result. 

On the other hand, in the flat space-time of the degenerate form of Ein- 
stein’s theory the atomic clock would register imaginary time at distances 
less than 2m from the mass-point at the origin! 

The introduction of the two arbitrary constants a and 6 is not in keeping 
with the spirit of Einstein’s original theory, one of whose chief advantages 
is the elimination of arbitrary constants. Besides, if in the energy tensor 
TY = putu) — pg one sets p =-0, in accordance with the fact that the 
potential pressure energy is small, as Einstein has done, then b = 0 neces- 
sarily follows. 








t 
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Another characteristic feature of Birkhoff’s theory should be carefully 
emphasized: the trajectories of free particles are not geodesics in any 
curved four-dimensional space-time, i.e., no do? = gydx‘dxif exists in 
which Birkhoff’s trajectories are geodesics. In fact for light rays one 
would have, on the one hand do® = g,dx‘dx/ = 0 and on the other ds? = 
bydx'dxi = 0, from which gy = kéy, R = constant, would follow. Other- 
wise, we may establish our statement thus: the equations of the geodesics 
in the do-space are: 


d*x* ', (dx? 
(2 + rhyutu Aan (2 + regu’) 


Multiplying by u; and adding with respect to 7 one obtains: 





me dx? 
wuTi guru? = a + Te, u 


from which we get 
d*x? : 
i Hg (uPuT ig — Teg) uu’. 


Now the trajectories of free particles in Birkhoff’s theory are given by 


dx? (= oh ) 
— sue an HB \ a, B. 
ds? ’ oxF Ox" so 


therefore one should have identically® 


Ohta, oh : 
on? (F5 _ = = uPu; Tig — Ty. 











But the left-hand member of this equation is a function of t, x, y, z, only, 
while the right-hand member is a function of f, x, y, 2, and u®; therefore the 
two members cannot be identical unless I, = 0 which is a trivial case. 
This completes our proof.’ 


1 Mathematical Reviews, 4, 285 (Nov. 1943). 

2 These PROCEEDINGS, 29, 231 (1943). 

3 During the last two months G. D. Birkhoff, Carlos Graef, Manuel Sandoval Vallarta 
and I have been collaborating intensively in a study of Birkhoff’s theory of gravitation, 
matter and electricity in flat space-time, and its consequences. The present note owes 
much to our joint discussions. 

4 See, for instance, R. C. Tolman, Relativity, Thermodynamics and Cosmology, Oxford, 
1934, p. 236. 

5 Obtained by use of photon as light carrier. All formulas are taken only in the first 
approximation. 

¢ The components of u‘ are related by Buhl = 1. 

7 Weyl’s other comments will be taken up separately by Manuel Sandoval Vallarta. 
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ON THE THEORY OF CHARACTERS OF GROUPS AND SEMI- 
GROUPS IN NORMED VECTOR RINGS 


By ErNar HILLE 
DEPARTMENT OF MATHEMATICS, YALE UNIVERSITY 
Communicated February 4, 1944 


1. Recently I. Gelfand! has defined a class of characters of Abelian 
groups embedded in a normed commutative vector ring. The présent note 
contains an elaboration of this theory with a strengthening of the main 
theorem and extensions to semi-groups. 

Let ® be a normed commutative vector ring with unit element e, MA the 
set of maximal ideals I? in R, R/Mt the corresponding residue class rings 
each of which is a field. Defining the norm ||x | of a residue class X, 
modulo J, as min | |x| | for x e X, Gelfand shows that R/M is a normed field 
and hence isomorphic with the complex field. Let X, be the class of ele- 
ments congruent to ae (mod. Jt), a arbitrary complex number. Then 
UX, = Rand X, + Xp = Xa+ pp XaXe = Xap: 

Define? 


u(x; M) = a, x = ae (mod. M). (1) 


Since x — ae is singular for every x « X,, the spectrum o(x) of x contains 
the point \ = a. Conversely, if a « o(x), there exists an Jt such that x = 
ae (mod. M). Since |u(x; M)| Z max |o(x)| Z | |x| , w(x; M) is a bounded 
functional which is additive as well as multiplicative 


u(x + y; M) = w(x; M) + u(y; M), u(y; M) = u(x; Muy; M). (2) 


In particular, u(x; Mt) is continuous. 

Finally the notion of quasi-nilpotency will be needed. An element g of R 
is quasi-nilpotent if e — ag has an inverse for every complex a or, which is 
equivalent in a normed vector ring, if ||q"||”"— 0 when n > ». The 
, quasi-nilpotent elements form an ideal, the radical of , which equals the 
intersection of all maximal ideals. 

After these introductory remarks we proceed to the subject matter 
proper. 

2. Let & bea set of elements in the ring R which form a group under the 
operation of ring multiplication. For every Stef the bounded linear 
multiplicative, functional u(x; Mt) for x in @ defines a continuous one- 
dimensional representation I'(Mt) of G, u(x; Mt) being the characters of the 
representation. 

THEOREM 1. I(t) is unitary in the sense that | u(x; M)| = 1 on G for 
every MeMA if and only if for allx eG 
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bared oll MM is (3) 

Condition (3) expresses that the spectrum of x lies on the unit-circle. 
Since o(x) is the range of u(x; DM) for Mt ¢ MA and fixed x, this is all that 
should be proved. 

The main question in the representation theory is whether or not there 
are enough representations available so that any given pair of distinct 
elements of the group have distinct characters in at least one representa- 
tion. The limitations of the present theory are clearly brought out by 

THEOREM 2. If x ¥ y are two elements of G, then u(x; M) = u(y; M) 
for all It ¢ MA if and only if x — y = q, where q is quasi-nilpotent. This case 
can arise if and only if © contains an element of the form e + q and ts ex- 
cluded if R 1s without radical. 

We omit the proof which is an immediate consequence of the properties 
of the functional u(x; Mt) listed above. 

Gelfand has shown that even if # has a radical it is possible to exclude 
the exceptional elements of the form e + g from the group @ by requiring 
that all cyclical subgroups form bounded pointsets in the vector space R. 
The following condition is less restrictive. 

THEOREM 3. If |x **|| = o(n) when n— @~, then x cannot be of the form 
e + q where q is quasi-nilpotent and gq # 0. The conclusion becomes false if 
o(n) be replaced by O(n). 

If x = e + q then the resolvent R(A; e + g) = ((A — l)e — g)~! admits 
of the three expansions 


“C+ 9" Teeter = m< & 
A+ Dree+gr7-, [Al > 1; 
eA — 1) + Yoyg"(A — 1), \- 1. 


In the first two series the coefficients are o(m) in norm. A theorem in 
classical function theory, found by G. Pélya,’ asserts that if f(z) is an entire 
function of w = 1/(z — 1) and if in the power series expansions of f(z) about 
0 and about ~ the coefficients are O(n”), then f(z) is a polynomial in w of 
degree Z vy + 1. If the coefficients are o(n”) instead, the degree will be 
<v+1. By an obvious extension of this theorem to vector valued func- 
tions, one concludes that R(A; e + qg) has a simple pole at \ = 1 which 
requires g = 0. On the other hand, if qg is a nilpotent element such that 
q ~ 0, g® = 0, then (e + g)” = e + ng which is O(m) in norm. Thus the 
stated condition is the best of its kind. 

It should be observed that a condition of the form ||x*"|| = o(n”), if 
satisfied by an element of the form e + q, requires g” = 0 and this condition 
is again the best possible.‘ 
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Combining the preceding theorems we obtain 

THEOREM 4. If the elements of © satisfy the condition of Theorem 3, then 
all representations T'(M) are unitary and if x ¥ y, there is a representation in 
which p(x; M) ¥ u(y; M). 

3. These considerations may be extended in part to semi-groups. Let 
S be a set of elements in which form a semi-group under ring multiplica- 
tion so that x e S, y eG implies xyeS. We shall require that © be closed 
under inversion so that if x is regular and is in © then x~' is also in ©. 

The functionals u(x; Mt) also provide one-dimensional representations 
=(M) of S. It is obviously meaningless to require that Z(M) be unitary. 
If x + y are two elements of © we still have u(x; M) = u(y; Me) for all M 
if and only ifx — y = q. Thus this case can arise only if R has a radical, 
but when present the situation is much more complicated than in the case 
of groups. Thus as a rule there is no longer a single exceptional class; 
every singular element x ¢ S may give rise to a class {x + g} the elements 
of which cannot be separated by the representations. Since the condition 
of Theorem 3 can be applied to regular elements only, the problem of ex- 
cluding such singular exceptional classes is a much more difficult one which 
apparently cannot be handled by the methods of the present note. 


1 Gelfand, I., ‘‘Zur Theorie der Charaktere der Abelschen topologischen Gruppen,”’ 
Rec. Math., N. S., 9 (51), 49-50 (1941). For the theory of normed vector rings see 
Gelfand, ‘“‘Normierte Ringe,” [bid., 3-24, and Lorch, E. R., “‘The Theory of Analytic 
Functions in Normed Abelian Vector Rings,” Trans. Amer. Math. Soc., 54, 414-425 
(1943). 

2 This is x(Qt) in Gelfand’s notation. His x(t), however, is a function on maximal 
ideals to complex numbers corresponding to a fixed element x of the ring while u(x; 9?) 
is a function on the ring to complex numbers corresponding to a fixed maximal ideal. 

8 Pélya, G., “Aufgabe 106,” Jahresbericht D.M.V., 40, 81 (1931). Several solutions 
are published, [bid., 42 (1933); that by Szegé, G., pp. 15-16, is short and self-contained. 
See also the closely related problem 105: an entire function of order one and minimal 
type which is O(n”) on the integers is a polynomial of degree <m. 

4 Cf. Gelfand, I., “Ideale und primare Ideale in normierten Ringen,” Rec. Math., N. 
S., 9 (51), 41-48 (1941), where similar conclusions are drawn less directly from a deeper 
theorem due to F. and R. Nevanlinna. 
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GALACTIC AND EXTRAGALACTIC STUDIES, XVII. REVISION 

OF THE DISTANCES OF THIRTY HIGH-LATITUDE GLOBULAR 
CLUSTERS 


By HarRLow SHAPLEY 
HARVARD COLLEGE OBSERVATORY 
Communicated February 7, 1944 


1. The distribution of the photoelectrically-measured color classes for 
sixteen globular clusters in galactic latitudes higher than thirty degrees is 
as follows :! 


Color class ad fA fd f6 f7 f8 f9 
Numbers 1 1 1 5 1 6 1 


with the mean value f6.1 = 0.8(m.e.). The distribution of integrated 
spectral types, according to Miss Cannon’s classification for ten globular 
clusters in these same latitudes is: 


Spectral class A7 F5 F8 GO G G5 
Numbers 1 1 1 i 3 3 


The difficulty of classification is such that only the mean value of about GO 
is significant. For the seven high-latitude globular clusters common to 
both lists we have the mean values, f6.7 and F8. The clusters certainly 
are not redder than would be expected from their mean spectral classes. 

. The foregoing evidence that there is little or no selective space absorption 
in high latitude is supported also by the work of Stebbins, Whitford and 
Huffer on the color excesses for stars and galaxies. The distribution of 
faint galaxies indicates that also the total photographic absorption in high 
latitude, if not wholly negligible, is at least manageably small. Even down 
to latitudes of twenty degrees the total absorption, except in a few special 
longitudes, is not so heavy but that we can, when computing the distances 
of globular clusters, estimate the amount of light loss from the abundance 
of external galaxies in the background. 

For the sixty known globular clusters of the galactic system in low 
latitude, 8 < +20°, accurate determinations of the distance will long 
remain difficult. For them the background of external galaxies is absent, 
or nearly so, and the total absorption cannot therefore be directly esti- 
mated. It is precarious to adopt an absorption correction from the 
observed color excesses because of the large inherent spread in the inte- 
grated colors and the possible variability of the ratio of selective to total 
absorption throughout the various longitudes. All the photometric 
methods of measuring either the absolute or the relative distances are 
therefore not encouraging for clusters in low latitude, even when many 
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Cepheid variables are present; and the astrometric methods (parallax, 
motions, diameters) are of low value, either because the distances are too 
great or because of vagueness in the boundaries of clusters in the rich star 
fields. 

Although occasionally in intermediate latitudes, 20° > 6 > +10°, 
the total absorption in the direction of a globular cluster can be estimated 
from the number of external galaxies in the surrounding field, we may be 
at a loss to know how much absorption lies between the cluster and the 
observer and how much lies beyond the cluster but still within the galactic 
system. All high-latitude globular clusters, however, lie well beyond what- 
ever absorption there may be near the galactic plane, and for them the fre- 
quency of surrounding external galaxies is a fair measure of the intervening 
space absorption in the cluster’s direction. 

New information on interstellar transparency is now available for much 
of the sky from the surveys of faint galaxies, and we can proceed to revise 
the distances of globular clusters that are not too near the galactic plane. 
For many of them we now have revised distance moduli, based on new 
photometry of the variables or the bright cluster stars from the David 
Dunlap, Harvard, Mount Wilson and other observatories... In the far 
southern sky, where many of the high-latitude clusters are found, the 
photographic magnitude system, for stars as faint as those in many of the 
globular clusters, is still provisional. 

2. In table 1 we have assembled, chiefly from Star Clusters,? some de- 
scriptive data concerning the globular clusters for which revised values of 
the distances have now been determined. Galactic codrdinates \ and 8, 
refer to the pole at 12"40”, +28° (1900). The angular diameters, except 
one in parentheses, are those microdensitometrically measured by Shapley 
and Sayer.* The integrated magnitudes are, when possible, taken from 
Christie’s schraffiekassette work;‘ otherwise they are values determined 
from Harvard patrol plates and are reduced to the Christie scale. 

3. The new results for the high-latitude globular clusters are collected 
in table 2. In the first section of the table are the objects for which the 
present results are the most dependable. The lower reliability for the 
clusters in the second section arises from various sources; in general, the 
observed quantities that contribute to the low weight are indicated by 
colons. The best one-half of the entries in the second section are marked 
by asterisks after the NGC number. A letter m refers to a note at the end 
of the table. 

The third, fourth and fifth columns of table 2 give the results of the 
nebular counts on the best available long-exposure plates made with the 
Bruce and Metcalf telescopes for the southern and northern skies, respec- 
tively. The average number of galaxies per square degree, N, generally 
refers to a surrounding or adjacent area of not less than nine square de- 
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TABLE 1 
TOTAL PG. NO. OF 
NGC R. A. (1900) pEc. r B DIAMETER MAGNITUDE VARIABLES 
104 o*19"6 +  —72°38’ 272° —45° 53'6 (4.5) 8* 
288 0 47.8 —27 08 157 —88 13.1 8.96 2* 
362 0 58.9 —71 23 268 —47 i ee 8.0 14 
1261 3 9.5 —55 36 237 —51.5 ie 9.5 0 
1851 5 10.8 —40 09 212 —34.5 11.5 7.72 3* 
2419 7 31.4 +39 06 148 +26 5.1 11.51 36 
4147 12 5.0 +19 06 226 +79 2.8 11.01 aa 
4590 12 34.2 —26 12 269 +36 SN 9.12 28 
5024 13 8.0 +18 42 305 +79 15.8 8.68 40 
5053 13 11.5 +18 13 310 +78 xan 10.9 9 
5272 13 37.6 +28 53 8 +78 22.1 7.21 185 
5466 14 1.0 +29 00 8 +72.5 erie 10.39 14 
5634 14 24.4 — 5 32 310 +48.5 6.8 10.8 4* 
5694 14 33.8 —26 36 299 +29 me 10.87: 0 
5897 15 11.7 —20 39 312 +29 13.1 9.61 0 
5904 15 13.5 + 2 27 332 +46 25.0 7.04 97 
6205 16 38.1 +36 39 27 +40 18.1 6.78 11 
6218 16 42.0 — 1 46 344 +25 21:0... 7.93 1 
6229 16 44.2 +47 42 40 +40 5.3 10.26 21* 
6254 16 51.9 — 3 57 343 +22 21.5 7.64 2 
6341 17 14.1 +43 15 36 +35 (14)t 7.30 16 
6752 19 2.0 —60 48 303 —26.5 41.9 tia i” 
6809 19 33.7 —31 10 336 —25 28.7 7.08 a 
6864 20 0.2 —22 12 347 —27 8.7 9.50 if 
6934 20 29.3 + 7 04 20 —20 ae 10.01 51* 
6981 20 48.0 —12 55 3 — 34 8.0 10.24 31 
7006 20 56.8 +15 48 32 —21 ah 11.45 20 
7078 21 25.2 +11 44 33 —28 18.1 7.33 74 
7089 21 28.3 —- 116 21 — 36 16.9 7.30 17 
7492 23 3.1 —16 10 22 — 64 aoe 12.33 9* 


* Distances do not depend on variable stars. 
+ Diameter of NGC 6341 from Nassau, J. J., Ap. J., 87, 366 (1938). 


grees. The magnitude limit to which the count of galaxies refers is m,,, 
and the absorption 6m is computed from the relation 


im = m, — 1.67 log N — 15.2 


which is based on our earlier determinations’ of the space-density para- 
meter for the galactic caps, m, = 15.2. 

The number of Cepheid variable stars that have been recorded in each 
cluster is shown in the last column of table 1.6 When it was not possible 
to use the variables directly in the determination of the distance modulus, 
the number is marked with an asterisk; the modulus has then been deter- 
mined from the cluster’s bright stars and the integrated magnitude and 
diameter, which is also the procedure when no variables at all are known. 
The adopted distance modulus in the sixth column of table 2 includes the 
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TABLE 2a 
= DIST. DIST. r SIN 8 r cos gp ABS. 
noc MESSIER N mn im MOD. EPc EPrc Kec MAG. 
104 47 Tuc n n +0.3 14.4 7.6 — 6.4 5.4 —10.2 
288 85 18.4 0.0 15.8 14.5 —14.5 10.5 -—6.8 
362 n n +0.3 .15.0 10.0 — 7.3 6.8 —7.3 
2419 n n +0.5 18.75 56.2 +24.6 50.4 —7.7 
4147 76n 17.5 —0.8: 16.5 20.0 +19.6 3.8 —65.5 
4590 68 8 17.0 +4+0.3 15.65 13.5 + 7.9 10.9 -—6.8 
5024 53 41 17.7 -0.2 16.53 20.2 +19.8 3.9 —7.8 
5053 41 17.7 -0.2 16.2 17.4n +17.0 3.6 —5.3 
5272 3 32m 17.2 —-0.5 15.43 12.2 +11.9 2.6 -—8.2 
5466 56” 17.5 —0.6: 16.16 17.0 (+16.2 5.1 -—5.8 
5694 n n +0.4: 17.6 338.1 +16 29 —7.1: 
5897 19 17.7 +0.4 15.7 18.8 + 6.7 12.1 -—6.5 
5904 5 26 17.6 0.0 15.03 10.1” + 7.3 7.0 —8.0 
6205 13 14 17.0 -0.1 14.88 9.5” + 6.1 7.8 -—8.1 
6218 12 8 17.3 +0.6 14.6 8.3 + 3.5 7.5 -—7.3 
6254 10 S 17.3: +08. 45 8.3 + 3.1 7.7 —7.6 
6341 92 34 17.4 -0.8 15.06 10.3 + 5.9 8.4 —7.8 
6981 72 i3: 17.7 ++0.7 %.1i 36:6 — 933 13.8 -—6.6 
7078 15 44 18.2 40.3 15.38 11.5 — 5.4 10.2 -8.3 
7089 2 Ss. W738 0.1 -36.7. BB .-— 41 11.2 —8.5 
TABLE 2b 
sos DIST. DIST. Y SIN B r cos 8 ABS. 
NGC MESSIER N mn ém MOD. KPC KPC KPC MAG. 
1261 2. 17.3. =),1, Bats 2 —17 i4 —7.2 
1851 » 68 17.7 -0.5 15.8: 14 - 8 12 —8.1 
5634 16 17.2 0.0 : 17.5: 32 +24 21 —6.7 
6229* 27m 17.1 —0.5: 17.4 30n +19 23 -7.1 
6752 7 328.0 40.8 «13.8: 63° = 2:6 5.2 —7.4: 
6809* 55 3 16.9 +0.9 13.8 5.8 — 2.4 5.3 —7.7 
6864 75 8 17.0: +0.3: 18.1: 42 —19 37 —8.9: 
6934* 24: 18.2 +0.7: 16.3 18 — 6 17 —7.0 
7006* 19 17.9 +0.6 18.2: 44 —16 41 —7.3 
7492* 338 18.2 +0.5 17.0 25.1 —23 11 —4.7 
NGC 104. See twelfth paper of this series, these PRocEEDINGS 27, 440-445 (1941), for 
discussion of distance and absorption. 
362. Absorption assumed the same as for the Small Magellanic Cloud, which 
surrounds it. 
2419. Adopted value of absorption from Baade’s discussion in Mt. Wilson Contr., 


No. 529 (1935). A Harvard plate suggests a larger value, but the revision 
awaits further study of the surrounding regions. 


4147, 5272, 5466, 6229. Clusters lie in regions rich in groups of galaxies. 


5053. 


5694. 


By comparing the color-magnitude array for this cluster with those I de- 
rived for Messier 3, 13 and 68, Cuffey has estimated the distance as 16 +2 
kpc. Ap. J., 98, 49-53 (1943). This cluster and NGC 4147, 5466 and 7492 
belong to the so-called ‘‘giant-podr”’ category, with low absolute magnitudes. 
Baade reports little or no absorption (Pub. Ast. Soc. Pac., 46, 52 (1934)); 
my provisional estimate is m = +0.8 from Bruce plates. 








a «OOS = 
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5904. The revised distance is based on my earlier general photometry and on a 
new study of the variables by Oosterhoff at Leiden (letter, dated December 
19, 1940). 

6205. Distance of Messier 13 revised with assistance of H. B. Sawyer’s work on 
four Cepheids. Pub. David Dunlap Obs., 1, 11 (1942). 

6229. Distance can be precisely determined when the 20 new variables (unpub- 
lished), discovered by Baade at Mt. Wilson, are worked up. 


correction for space absorption, column 5, and involves also whatever re- 
vision we have been able to make on the basis of recent photometric work 
at Harvard, Mount Wilson (Baade), Perkins (Nassau), David Dunlap 
(Sawyer), Babelsberg (Hachenberg), Leiden (Oosterhoff) and Bergedorf 
(Grosse) observatories. 

No absorption correction has been applied when 6m is negative. When 
it is positive and the latitude is greater than +40°, also no correction has 
been made, except for the two clusters NGC 104 and 362 which are near 
the Small Magellanic Cloud and appear to suffer from its absorbing dust 
or from a flare of absorption extending from the Milky Way. The negative 
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FIGURE 1 
Distribution of absorption corrections. Low-weight values indicated by circles. 


values of 6m reflect chiefly the uneven distribution and in particular the 
excesses in the number of faint galaxies; we must, of course, expect that the 
positive values frequently reflect true deficiencies in number rather than 
space absorption. Figure 1 shows the distribution of 5m. 

The distances in the seventh to ninth columns of table 2 are “reduced to 
the galactic poles’; that is, they are calculated on the assumption that 
there is no absorption in the galactic polar caps—an assumption which 
implies that the Sun is located in an open space in the scattered and irregu- 
lar clouds of absorption along the Milky Way plane. The components of 
the distance perpendicular to and in the galactic plane are given in the 
eighth and ninth columns, respectively; 6 is the galactic latitude. 

As mentioned above, the evidence from the nebular distribution and 
from the colors of clusters and galaxies suggests that the assumption of 
polar-cap transparency cannot be far wrong. If there is an appreciable 
absorption at the galactic poles, all the distances in columns seven, eight 
and nine of table 2 should be multiplied by the following factors: 
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If total absorption at pole is 0"1, f = 0.955 
0.2 0.91 
0.3 0.87 


Hubble has used 0°25 for the total photographic absorption at the galactic 
poles; Stebbins and Whitford, a somewhat smaller value. 

If such a correction factor should be applied to the distances in table 2, 
it probably would be appropriate first to use all the positive and at least 
the smaller negative corrections for absorption, rather than follow the pro- 
cedure described above. Such a plan would merely imply that we adopt a 
specific average space absorption for high galactic latitudes, but that here 
and there we find either excessive absorption and a positive 6m, or clear 
spaces with consequent high nebular number and a negative absorption 
correction. . 

TABLE 3 
COMPARISON OF REVISED DISTANCES WITH 1930 VALUES 


1930 1930 
GALACTIC VALUE GALACTIC VALUE 
NGC LATITUDE KPC NGC LATITUDE KPC 


104 —45° 6.8 6205 +40° 10.3 

288 — 88 14.5 6218 +25 11.0 

362 —47 12.9 6229 +40 29.8 
1261 —51.5 22.0 6254 +22 11.2 
1851 —34.5 14.3 6341 +35 
4147 +79 24.2 6752 — 26.5 
4590 +36 15.5 6809 —25 
5024 +79 18.2 6864 —2/ 
5053 +78 17.3 6934 —20 
5272 +78 12.2 6981 — 34 
5466 +72.5 17.0 7006 —21 
5634 +48.5 31.4 7078 — 28 
5897 +29 16.4 7089 — 36 
5904 +46 10.8 7492 — 64 
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4. The’ new results for the distances are compared in table 3 with my 
original values, published on the currently-accepted zero point in 1930.” 
Naturally there is on the average little change for the objects in the higher 
latitudes; we have the mean ratio New/Old = 0.98 + 0.03 (m. e.) for the 
twelve clusters with latitudes higher than 40°. The change is considerable, 
however, with latitudes from 20° to 40°, where for sixteen clusters we have, 
in the mean, New/Old = 0.83 + 0.03 (m.e.). The corrections for space 
absorption produce most of the change.’ 

The distances from the galactic plane, r sin 6, in column 8 of table 2, 
show results now well known—namely, the great thickness of the Milky 
Way system, if we assume, as is natural, that most if not all the high- 
latitude globular clusters are members of the Galaxy. It is of interest to 
compare the largest values, around 20 kiloparsecs above and below the 
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galactic plane with the values r sin 8 for the Magellanic Clouds, 12 kilo- 
parsecs (Large) and 18 kiloparsecs,* and for the faintest of the independent 
high-latitude cluster-type Cepheids, 10 to 15 kiloparsecs.® 

5. In the final column of table 2 are the absolute photographic magni- 
tudes of the thirty globular clusters. Their dispersion is shown in figure 2, 
which resembles a diagram given by Christie.‘ 

The greatest of these globular clusters, 47 Tucanae, exceeds in total 
absolute brightness some of the dwarf irregular galaxies of the Magellanic 
type. The globular cluster Omega Centauri is of comparable absolute 
magnitude, but its low latitude, 8 = +15°, excludes it from the tabulations 
above. For it a revised photometry by Martin,’ and an unpublished Har- 
vard nebular survey that suggests an absorption of +0.5, would give it the 
distance of 6.8 kiloparsecs, the same as my 1930 value, and an absolute 
magnitude of —10.0. 


No. 
10 





Pee 


ae 


SS 
M. —10 -9 —8 ~¥ 
FIGURE 2 
Thirty globular clusters, Spread of absolute magnitude. 





























6. Conclusions and Summary.—(a) The distances of thirty globular 
clusters in intermediate and high galactic latitudes have been revised on the 
basis of (1) recent investigations of the photographic magnitudes of bright 
stars and of Cepheid variables in the clusters, and (2) a census of the back- 
ground of external galaxies, which gives evidence on the transparency of 
space between the observer and the clusters. 

(b) The over-all diameter of the Milky Way in its plane is not well 
indicated by the revised distances, because of the necessary avoidance of 
low-latitude objects; but the earlier estimates of a distance to the center of 
approximately ten kiloparsecs are consistent with the new values of the 
distances of clusters. 

(c) The over-all thickness of the system of globular clusters exceeds 
forty kiloparsecs. The weighted mean r sin 8 for the five clusters most 
distant from the galactic plane on the north side is + 19.3 kiloparsecs, and 
for the five most distant on the south side, —17.5 kiloparsecs. The clus- 
ters apparently have a spatial distribution comparable with the haze of 
cluster-type Cepheids discussed in the first paper of this series. 
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(d) The integrated absolute magnitudes of the thirty globular clusters 
show a small dispersion around the mean value of —7.5 (photographic), 
except that the great globular cluster 47 Tucanae stands out as nearly 
three magnitudes brighter than the mean (as does Omega Centauri), and 
the ‘“‘giant-poor”’ clusters, NGC 4147, 5053, 5466, 7492, are all fainter than 
the average, with values lying between —4.8 and —5.9. It is noteworthy 
that the absolute magnitudes of several of the dwarf galaxies of the local 
group of galaxies are between —9 and —12; and, of probably much higher 
significance in the hypothetical evolution of galaxies, the absolute magni- 
tudes of the nuclei of the spirals NGC 598 (Messier 33) and 7793 are 
—8.0 and —7.3, respectively. The ‘‘escape’ of the spiral arms and their 


background of stars, in a developmental trend from spiral to globular 
form,'! would leave these two objects as globular clusters of average 
absolute luminosity. 
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